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In the following notes we extend some theorems from [I] to include the case where
the ground ring is non-noetherian. In Corollary we show that an open im-
mersion is an algebra of finite presentation, which was stated without proof in [T}
Example 9.2.4 (3)]. Lemma is a local to global lemma for a homomorphism
of finite presentation which generalizes [I, Lemma 2.1.5]. In Lemma we prove
[1, Example 9.2.2 (4) and (5)]. Theorem [2.1] a generalization of [1, Theorem 9.3.9],
proves that locally an étale algebra is isomorphic to a standard étale algebra. The-
orem a generalization of [I, Proposition 9.2.9], proves that if S is an étale
R-algebra, then Spec S — Spec R is an open map. Theorem which generalizes
[1, Theorem 9.3.12], is a theorem of permanance for an étale algebra over a non-
noetherian ground ring. The proofs below utilize only theorems proven in [3] and

.

1. ALGEBRAS OF FINITE PRESENTATION

One goal of this section is to prove that if f : R — S is a homomorphism of
commutative rings and f¥ : Spec S — Spec R is an open immersion, then S is an R-
algebra of finite presentation (see Corollary below). This theorem is referenced
without proof in [I, Example 9.2.4 (3)]. The corollary and its proof presented here
are based on [4, Proposition 1.4.6, p. 328]. We begin by proving some results on
algebras of finite presentation.

Throughout, all rings are commutative. Let M be an R-module and « a nonzero
element of R. Denote by M, the localization of M with respect to the multiplicative
set {1,a,02%,0%,...}.

Definition 1.1. Let R be a commutative ring and M an R-module. We say
M is locally finitely generated, if there exist elements aq,...,a, in R such that
R = Ray +--- + Ra,, and for each i, M,, is a finitely generated R,,-module.

Lemma 1.2. Let M be an R-module. If M is locally finitely generated, then M is
finitely generated.

Proof. Let a,...,a, in R such that R = Roy + - - - + R, and for each i, M,, is

a finitely generated R,,-module. For each i, let {x;; | 1 < j < n;} be a subset of

M which is a generating set for M,, as an R,,-module. The reader should verify

that | J,{zi; | 1 < j < n;} is a generating set for the R-module M. O
1
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Definition 1.3. Let S be a commutative R-algebra with structure homomorphism
0:R—S. Wesay S is an R-algebra of finite presentation, if there is a polynomial
ring in n > 1 variables over R and a surjective R-algebra homomorphism ¢ :
Rlxy,...,z,] = S such that the kernel of ¢ is a finitely generated ideal. The R-
algebra S is said to be locally of finite presentation, if there exist elements 31, ..., B,
in S such that S = SB; +--- + 5B, and for each i, Sg, is an R-algebra of finite
presentation. We also say 6 is locally of finite presentation.

Example 1.4. Let a be a non-zero element of R. Define ¢ : R[z] — R, by
¢(x) = 1/a. The kernel of ¢ is the principal ideal generated by xa — 1. This shows
R, is an R-algebra of finite presentation.

Lemma 1.5. (]I, Example 9.2.2 (4) and (5)])

(1) (Change of Base) Let f : R — T be a homomorphism of commutative rings
such that T is an R-algebra of finite presentation. If g : R — S is any
homomorphism of commutative Tings, then f® 1 : S — T ®r S makes
T ®pgr S into an S-algebra of finite presentation.

(2) (Finitely Presented over Finitely Presented is Finitely Presented) If S is a
finitely presented R-algebra and T is a finitely presented S-algebra, then T
is a finitely presented R-algebra.

Proof. (1): There exists an onto homomorphism ¢ : R[x1,...,2,] — T such that
ker ¢ is a finitely generated ideal. Then ¢ ®1 : S[z1,...,2,] = T ®g S is onto. The
kernel of ¢ ® 1 is generated by the image of ker ¢ ®z S, hence is a finitely generated
ideal.

(2): There exist homomorphisms ¢ : R[z1,...,2m] — S and ¢ : S[y1,...,yn] —
T such that ¢ and 1 are both onto, and ker ¢ and ker ) are both finitely generated
ideals. Define x : R[z1,...,Zm][Y1s---,yn] = T by x(z;) = ¥é(z;) for each i and
X(yi) = ¥(y;) for each j. Then x is onto and the kernel of x is generated by
ker ¢ + ker ¢, hence is finitely generated. (I

Proposition 1.6. Let f: R — S be a homomorphism of commutative rings. The
following are true.

(1) If the kernel of f is a finitely generated ideal and f is onto, then S is an
R-algebra of finite presentation.

(2) If f is one-to-one and S is a finitely generated R-module, then S is an
R-algebra of finite presentation.

(3) If the kernel of f is a finitely generated ideal and S is a finitely generated
R-module, then S is an R-algebra of finite presentation.

Proof. The proof is left to the reader as an exercise. O

Proposition 1.7. (1) If f : R — S is a local isomorphism, then f is locally of
finite presentation.

(2) (Composition) If f : R — S and g : S — T are both locally of finite
presentation, then go f : R — T is locally of finite presentation.

(3) (Change of Base) Let f : R — T and g : R — S. If f is locally of finite
presentation, then f®1: S5 — T ®r S makes T Rr S into an S-algebra
that is locally of finite presentation.

(4) (Tensor Product) Let f : S — S and g : T — T’ be R-algebra ho-
momorphisms. If f and g are both locally of finite presentation, then
f®Rg:SQRT — S"®@r T’ is locally of finite presentation.
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(5) (Descent) If f : R — S is locally of finite type and g : S — T, and
gof: R — T is locally of finite presentation, then g is locally of finite
presentation.

Proof. (1): For every q € SpecS there exists a € R such that f(a) € S —q
and R, — S, is an isomorphism. By Example S, is an R-algebra of finite
presentation. By [3, Exercise 3.3.29], S is locally of finite presentation.

(2): Let v € SpecT be arbitrary. There exists § € T — v such that g : S — T is
of finite presentation. Let ¢ = tN S. There exists « € S — q such that f: R — S,
is of finite presentation. By Lemma (1)7 g 1 So — Tgq is of finite presentation.
By Lemma (2), gof:R— S, — Tg, is of finite presentation. Because Spec S
is compact ([3l Exercise 3.3.29]), we see that T is locally of finite presentation as
an R-algebra.

(3): Start with elements S1,..., 0, in T such that T'=Tp; +---+ TS, and for
each ¢, T, is an R-algebra of finite presentation. Then 8; ® 1,..., 8, ® 1 generate
the unit ideal in 7' ®g S. By Lemma (1), Ts, ®r S is an S-algebra of finite
presentation, for each 7.

(4): By (3), f@1:S@rT - S"@rTand 1®¢g: S ®@rT — S ®r T’ are both
locally of finite presentation. By (2), f ® g is locally of finite presentation.

(5): First note that S ®gsg,s (T’ ®r S) is isomorphic to T. The diagram

T
/ X
T®grS S
g®1 /

N

S®rS

commutes, where p(t®s) = ts. By [3, Proposition 3.5.14], f makes S into a finitely
generated R-algebra. By [3, Lemma 10.1.6], the multiplication homomorphism
1 S®rS — S makes S into a finitely presented S® g S-module. By Proposition|[I.6
S is a finitely presented S ® g S-algebra. By (3), p makes T into a T ®p S-algebra
of finite presentation. By (3) again, (go f)®1: S — T ®g S is locally of finite
presentation. The diagram

S g T

(90f)®\\ /

T®rS
commutes, where p(t ® s) = ts. By (2), g is locally of finite presentation. O

Lemma 1.8. Let I be a proper ideal in R and o a nonzero element of R such that
R./1, is an R-algebra of finite presentation. Then I, is a finitely generated ideal
n R,.

Proof. There exists an onto R-algebra homomorphism ¢ : R[z1,...,2,] = Ra/Ia
such that ker ¢ is a finitely generated ideal. Tensor with (-) @z R, to get the exact
sequence

0 — ker ¢ ®g Ro — Ralz1,. .., 20 N R./I,—0
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where 7 = ¢ ® 1. Therefore, ker 7 = ker ¢ @ R,, is a finitely generated ideal. Let
7 : Ry, — Ra/I, be the natural map. Since 7 is an R,-algebra homomorphism,
there exists a lifting ¢ : Ry[21,...,2,] = R such that ny(z;) = 7(x;) for each i.
The diagram

0 ker T Ru[z1,... 2n] ——= Ro /I —=0
| | I
0 I, Ra s Ro/Ia——>0

commutes and the rows are exact sequences. Since 9 is onto and u is the identity
map, the Snake Lemma ([3], Theorem 2.3.2]) implies v (ker 7) = I,. This proves I,
is a finitely generated ideal in R,,. O

Proposition 1.9. Let f : R — S be a homomorphism of commutative rings. Let
0 : R[zq,...,x,] — S be an onto homomorphism of R-algebras. Then S is an
R-algebra of finite presentation if and only if ker 0 is a finitely generated ideal.

Proof. First assume f is of finite presentation. The diagram of R-algebra homo-
morphisms

R[Jil,...,l‘n] o S
\ /
R
commutes, where ¢ is the natural map. Since o is locally of finite type, by Propo-
sition (5), 0 is locally of finite presentation. By Lemma ker @ is locally a

finitely generated ideal in R[z1,...,2,]. By Lemmal[l.2] ker § is a finitely generated
ideal. The converse is immediate. ([l

Proposition 1.10. If f : R — S is locally of finite presentation, then f is of finite
presentation.

Proof. There is an onto R-algebra homomorphism 6 : R[xi,...,z,] — S. Let
0 : R — Rzy,...,x,] be the natural map. By Proposition [L.7)(5), 6 is locally of
finite presentation. Proceed as in the proof of Proposition [1.9 ([

Corollary 1.11. Let f : R — S be a homomorphism of commutative rings. If
f% : SpecS — SpecR is an open immersion, then S is an R-algebra of finite
presentation.

Proof. By Proposition (1), f : R — S is locally of finite presentation. By
Proposition f:+ R — S is of finite presentation. ]

Lemma is a local to global lemma for a homomorphism of finite presentation
which generalizes [3| Lemma 3.1.13] and [I, Lemma 2.1.5].

Lemma 1.12. Let f : A — B be a homomorphism of commutative R-algebras.
Assume f makes B into an A-algebra of finite presentation. If W C R is a multi-
plicative set and fyy : W—LA — W 1B is an isomorphism of W ! R-algebras, then
there exists w € W such that f,, 1 Ay — By is an isomorphism of R,,-algebras.
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Proof. As an A-algebra, B is finitely generated. Say B is generated as an A-algebra
by the elements y1,...,¥yn. By [3, Lemma 3.1.11] there exists 8 € W such that
B(Ry1 + -+ Rym) C f(A). Then fz : Ag — Bg is an onto homomorphism of
Rg-algebras. By Lemma fs makes Bg into an Ag-algebra of finite presentation.
By Lemma [1.8] (ker f)g is a finitely generated ideal in Ag. Say (ker f)z = Agax1 +
-+ + Agxy,,. Since (ker f)s @r W'R =ker f @g W' R = (0), there exists a« € W
such that a(Rxy + -+ + Rxy) = (0). Hence a(ker f)g = (0). If we set w = af,
then (Ag)a = Aw, (Bg)a = By and f, : A, — B, is an isomorphism of R,-
algebras. O

2. STANDARD ETALE ALGEBRAS

If S is an étale R-algebra, we show that S is locally isomorphic to a standard
étale algebra. Theorem which is a generalization of [I, Theorem 9.3.9], does
not require the ground ring R to be noetherian. As an application, in Theorem
below we show that Spec.S — Spec R is an open map.

Theorem 2.1. Let R be a commutative ring, S a commutative R-algebra, q a prime
ideal in S, and p = qN R. If S is étale over R in a neighborhood of q, then there
evist f € S —q and h € R — p such that S[f~1] is isomorphic to a standard étale
R[h™!]-algebra of the form (R[h™'][z]/(P))[g~'] where P is a monic polynomial
in R[h~'][z] and the derivative P’ is invertible in (R[h™!][z]/(P)) [g7'].

Proof. The proof is divided into four steps. As mentioned in [I, Remark 9.3.10], in
the proof of [I, Theorem 9.3.9], the noetherian hypothesis on R was used for the
local to global argument in Step 2. The noetherian hypothesis was also used in the
last line of Step 4 to assume the kernel of h is a finitely generated ideal. For sake
of completeness, we include all four steps.

Step 1: Reduction to the case where S is a finitely generated R-module. We as-
sume S is R-separable and an R algebra of finite presentation. By [I Exercise 9.3.5],
S is quasi-finite over R. By Zariski’s Main Theorem, [3, Corollary 7.4.16], there
exists a factorization R — T — S such that T is a finitely generated R-module and
there exists f € T — q N T such that T[f~!] = S[f~!]. The reader should verify
that T is étale over R in a neighborhood of q N7, and that if the theorem is true
for T, it is true for S.

Step 2: Reduction to the case where R is local. We assume that S is a sep-
arable flat R-algebra of finite presentation. Assume the theorem is true for R,.
So there exist polynomials f,g € Ry[x] such that f is monic, f’ is invertible in
(Rplz]/(f)) g7, ¢ € Sp — qSp, and there is an Ry-algebra isomorphism

(2} g % syl

The reader should verify that there is an element o € R —p such that f and g come
from Rl ![z], f’ is invertible in (R[a~*][z]/(f)) [g7"], ¢ comes from S[a~], ¢(z)
comes from S[a~[e7!], and ¢(g~1) comes from a unit in S[a~1][c71]. Therefore,
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the diagram

(%) g — = Syl
commutes. The vertical maps r and s are étale and the map 1 is an R[a~!]-algebra
homomorphism. The Ry-algebra isomorphism ¢ is induced by tensoring ¢ with R,,.
By [3, Proposition 10.5.12 (4)], ¢ is of finite presentation. We can pass from the
local to the global, by [3} Proposition 10.5.15 and Lemma 10.5.16]. That is, there
exists an element 5 € R — p such that

R\ 1y @ —1)—1
( 5 )g}ﬁsw1[1

is an isomorphism of R[37']-algebras. So if the theorem is true for Ry, it is true
for R.

Step 3: Reduction to the case where S = R[z] is a cyclic extension. By the
previous steps, we assume R is local, S is separable over R, and finitely generated
as an R-module. By [I, Theorem 8.3.7], p generates the maximal ideal of Sy, and
the extension of residue fields k, — kq is separable. Let S = S ®p kp. Then S is
artinian and the prime ideals of S correspond to those primes of S lying over p. Let
g be the maximal ideal of S corresponding to q. Then (S)5 = ky. By the Primitive
Element Theorem, kq = k,(t) is a simple extension. By [3| Theorem 4.4.13], there
is € S which maps to ¢ in (S')a, and such that x restricts to 0 for all other prime
ideals of S. Let C' = R[x], and t = qN C. Then S is a finitely generated C-module
and q is the only prime ideal of S lying over t. Thus S, = Sj is a finitely generated
C-module. The composite map

ky(t) = C:/rCe = Sq/q5q = kq

is onto, hence C; — Sy is onto ([3, Exercise 3.2.4]). Since C' — S is one-to-one, by
[3 Lemma 3.1.11], there is f € C' — v such that C[f~1] = S[f~1].

Step 4: Assume R is local, S = R[z| is finitely generated as an R-module,
q € Spec S is the only prime lying above the maximal ideal p € Spec R, and S is
separable, flat and finitely presented over R. So S/pS is an artinian local ring, and
is separable over the field k,. It follows from [3, Corollary 8.5.6] that S/pS is equal
to the field k4. Let n be the dimension of kq over k. Then 1,z, ... ,x" ! generate
S/pS = kq over R/p = ky. By [3, Corollary 3.4.1] (Nakayama’s Lemma), the R-
module S is generated by 1,z,...,2" !, There is a monic polynomial P € R[X]
such that h : R[X]/(P) — S is onto. The natural map h : (R/p)[X]/(P) — S/pS
is an isomorphism. The image of P in k,[X] is therefore the irreducible polynomial
for t over ky,, where t is as in Step 3. Since kq is separable over ky, (P, P') is the unit
ideal in kp[X]. Let ' = h~'(q). By [I, Theorem 8.1.24], (R[X]/(P)) is separable
over R. By [3, Proposition 8.6.1], (P, P’) is the unit ideal in (R[X]/(P))q. By [}
Lemma 3.1.11], there is some b € (R[X]/(P)) — q' such that (R[X]/(P))[b™"] is a
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standard étale R-algebra. If we set ¢ = h(b), then h : (R[X]/(P))[b™!] — S[c7}]
is onto. By [I, Corollary 9.2.6], h : (R[X]/(P))[b~1] — S[c™1] is étale. The kernel
of h is finitely generated, by [3, Lemma 10.5.13]. By [3| Exercise 3.2.4], h is a
localization. (]

Lemma and its proof are based on [5, Chapitre V, lemma, p. 57].

Lemma 2.2. Let S be an R-algebra such that S is an R-progenerator module of
constant rank r. If 0 : R — S is the structure homomorphism, then the continuous
map 6% : Spec S — Spec R is open.

Proof. Let o € S — (0). We show that 6*(U(a)) is an open subset of Spec R.
By [I Example 5.3.3], the characteristic polynomial of « over R exists. Let
char. polyg(a) = 2" + a,—12" 1 + -+ + a1z + ag in R[z]. Let q € U(a). Then
a ¢ q. Consider p = qN R. Let k(p) = Ry/pR, be the residue field and
S ®g k(p) the fiber over p. Then q is the image of the prime q ®g k(p) under
the map ¢ : SpecS ®pr k(p) — SpecS. Since a ® 1 ¢ q ®p k(p), this implies
a ® 1 is not in the nil radical Radgg ,x(p)(0). Therefore, the characteristic poly-
nomial char.polyk(p)(a) is not equal to z". In other words, for some i, a; & p,
which implies p is in the open set Spec R — V(ag,a1,...,a,-1). Conversely, if p
is in Spec R — V/(ag, a1, ..., a,—1), then char. polyy,(a) is not equal to z". Then
U(a) N SpecS ®p k(p) # 0. There is some q € U(a) such that p =g N R. O

Theorem is a generalization of [I, Proposition 9.2.9] for a non-noetherian
base ring R.

Theorem 2.3. If S is an étale R-algebra with structure homomorphism 6 : R — S,
then 0% : Spec S — Spec R is an open map.

Proof. Let q € SpecS. We need to show that there is an open neighborhood of q
which maps to an open neighborhood of p = q N R in Spec R. By Theorem [2.1]
we can assume S is a standard étale algebra of the form (R[z]/(P)) [¢~!], where P
is monic of degree r in R[z]. By Lemma Spec R[z]/(P) — Spec R is an open
map. The open immersion Spec (R[x]/(P))[g~!] — Spec R[z]/(P) is open. The
proof follows. O

3. THEOREMS OF PERMANANCE FOR ETALE ALGEBRAS

If S is an étale R-algebra, we prove that S inherits some important properties of
R. For instance, in Theorem 3.6 we show that if R is reduced, then S is reduced, and
if R is normal, then S is normal. The proof is based on Theorem [2.I] and the anal-
ogous theorems of permanence for an étale R-algebra of the form R[z]/(P) where
P is a separable polynomial. The following results are based on [5, Chapitre VII,
§1 and §2, pp. 72 — 75].

Let R be a commutative ring and f(z) = ro + 1z + -+ + r_12" "L + 2" a
monic polynomial in R[x| of degree n. Let S = R[z]/(f(z)). As in the proof of [I,
Proposition 4.6.1], in R|x,y] there is a polynomial ¢(x,y), the divided difference,
such that f(y)— f(z) = (y—z)¢(z,y). Expanding ¢ as a polynomial in y, ¢(z,y) =
Z?;Ol q;(z)y? for gj(x) € R[z]. From the divided difference we get the derivative

n—1
(3.1) fl@) =qlz,2) = gj(x)2’.
j=0



8 TIMOTHY J. FORD

In S[y] we have
(32) ) = (- 2)a@y) = (- 2) 3 g5@).
=0

The R-module S is free with basis {1,,...,2" '}. Let m; be the R-module pro-
jection of S onto the coefficient of z?. Then {(x;,m;) | i =0,...,n — 1} is a dual
basis for S and the trace map is given by T'5(z) = Z?;ol mi(zx?).
Proposition [3.1] and its corollary are attributed to John Tate.
Proposition 3.1. In the above context, the following are true.
(1) {(xs, qi(x)mp—1) |1 =0,...,n—1} is a dual basis for S.

(2) TR(2) = f'(@)mn-1(2).

Proof. First we establish some notation. Tensoring 7,_1 : S — R with R[y], we
have the R[y]-module homomorphism m,_1 ® 1 : S[y] — R[y]. For simplicity in the
following, we will simply write 7,1 for both maps. The R-module homomorphism
oo : S — R[y] is defined on the free basis {' | i = 0,...,n — 1} by the rule

oo(z') = y'. We define o : Sly] — R[y] by o(3_0_ys;97) = >%_00(s;)y’. Let

h(y) be an arbitrary polynomial in S[y]. We show
(3.3) fW)mn_1(h(y)) = o((y — z)h(y)).

Because 7,1 and o are R[y|-linear, it suffices to prove Eq. (3.3) when h(y) is one of
the basis elements ' € S. There are two cases. If 0 < i < n—1, then 7,_1(z*) = 0,
so the left hand side is 0. The right hand side is o((y — 2)2%) = o(yz® — ') =
oo(zt)y — og(2it) = y'y — y**t = 0. In this case, Eq. is true. Now when
h(y) = 2™~ 1, the left hand side of Eq. is f(y). The right hand side is

o(y—z)a" ) =o(yzs" " +rpaa" iz +r)
=y 1y iz 7o)
=f(y)

since f(x) =0 in S. Therefore Eq. (3.3) holds in every case.
For h(y) = ! Z;L;g q;(2)y’, Eq.(3.3) becomes

fy) 2 M1 (2'qj () ) = o | (y — @)a’ i gj(x)y’
j=0 =0

=0 (z'f(y))
=y'fy)

where we used Eq.(3.2]) to get the second equation from the first. Since f(y) is
monic it is not a divisor of zero. Cancelling,

n—1 ) ‘ )
D o1 (2ig(2) v =
=0

which implies 7,1 (2'g;(x)) = d;; (Kronecker delta). Therefore, g;(x)m,_1 is equal
to m;. This proves (1).
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The trace formula in (2) follows from:

n—1
Ti(z) =Y mi(za! Zﬁn 1(gi(z Zqz @' (2) = f(@)mn1(2)
i=0
where the last equation is from Eq. ([

Corollary 3.2. For every z € S, f'(z)z = Z?;Ol T3 (qi(z)2)xt.
Proof. Using the dual basis of Proposition (1) for the R-module S, we have

n—1
()2 =) moo1(gi(@) ' (2)2)a"
i=0
It follows from Proposition [3.1)(2) that

Tn-1(a(2)f'(2)2) = f'(2)mn-1(6i(2)2) = T (a:(2)2).
(]

Lemma 3.3. Let R be a commutative ring, f(x) a monic polynomial of degree n
in Rlz], and S = R[x]/(f(x)). Then

/' (z)Radg(0) C Radg(0)S.
Proof. Let P € Spec R and k(P) = Rp/(PRp), the residue field at P. Consider

the commutative diagram

1®n

S S Qg k(P)

|

R i k(P)

As noted in [3 Definition 8.6.5], T,i?;})?'k(m = T5 ® 1. If z is a nilpotent element
in S, then 2z ® 1 is a nilpotent element in S ®g k(P). By [2, Exercise 6.2.31], the
trace of z® 1 is 0 in k(P). Since k(P) is equal to the quotient field of R/P, the
kernel of the natural map n : R — k(P) is P. Therefore, T (z) is in P. Since P

was arbitrary, this proves T3 (z) € Radg(0). By Corollary [3.2 ‘

n—1
f’(x)z':ZTg(qz( 2)xt € ZRadR 0)z* C Radg(0)S
=0 =0
since ¢;(x)z € Radg(0) for each 1. O

Let R be a commutative ring and f(x) a monic polynomial of degree n in R[z].
If Rlz]/(f(x)) is a separable R-algebra, then we say f(x) is a separable polynomial.

Theorem 3.4. Let R be a commutative ring such that Radr(0) = (0). If f(z) is
a monic polynomial in R[z] and S = Rlz]/(f(x)), then Rads, (0) = (0). If f(z) is
separable, then Rads(0) = (0).

Proof. By Lemma[3.3] f'(z) Rads(0) = (0). By [3, Exercise 3.3.28], upon localizing
we have f'(z) Rads,, (0) = (0). Since f'(z) is invertible in Sy, Radsg,, (0) = (0). If
f(z) is separable, then S = Sy ([3| Proposition 8.6.1]). O
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Theorem 3.5. Let R be an integrally closed integral domain, f(x) a monic poly-
nomial in Rlx] of degree n, and S = R[z]/(f(x)). Then Sy is a normal ring. If
f(x) is separable, then S is normal.

Proof. Let K denote the quotient field of R. Set A = S ®r K = K|z]|/(f(z)) and
let S denote the integral closure of S in A. The diagram

S——=S—>A=85S@®rK

| |

R K

commutes, every arrow is one-to-one. Consider the trace mapping TI/} A= K.
Since S is integral over R and R is integrally closed in K, if a is an element of S,
then by [3, Theorem 5.1.11], T2 («) is an element of R. By Corollary applied
to a € A,

n—1

fl@)a =Y Te(g)a)’
=0

where x denotes the coset of z in .S = R[z]/(f(z)). Because each ¢;(z) is in S, we
have ¢;(z)a € S. Hence T2(q;(z)a) € R. This proves f'(z)a € S, which implies
S C Syr. This shows Sy is equal to (S) . By [3, Lemma 5.1.7], (S) - is the integral
closure of Sy in Sy ®@r K. Since A is finite dimensional over K, A is artinian. By
Theorem the nilradical of Sy is trivial. Since Sy @ K is a localization of Sy,
the ring Sy @ K is semisimple. Since Sy is integrally closed in the semisimple
ring Sy ®g K, by [38l Lemma 11.1.6], Sy is normal. |

Theorem is a generalization of [I, Theorem 9.3.12] for non-noetherian rings.

Theorem 3.6. Let S be an étale R-algebra.
(1) For every q € Spec S, if p = qN R, then dim(S,) = dim(R,).
(2) If R is regular, then S is regular.
(3) If R is a normal ring, then S is a normal ring.
(4) If Radgr(0) = (0), then Radg(0) = (0). In other words, if R is reduced,
then S is reduced.

Proof. Let q € Spec S and p = qN R. By Theorem there exist § € S — q and
o € R —p such that Ss is isomorphic to a standard étale R,-algebra of the form
(Ro[2]/(P)) [g7!] where P is a monic polynomial in R,[z] and P’ is invertible in
(Rele]/(P)) [g7]

(4): Since Radr(0) = (0), it follows that Radg_(0) = (0). By Theorem
Radg, (0) = (0). Since q was arbitrary, there is an open cover of Spec S by basic
open sets of the form U(8), where S3 is reduced. From this it follows that S is
reduced.

(3): Since R is normal, it follows that R, is normal. By Theorem Sa is
normal. Therefore, Sy is an integrally closed integral domain. Since q was arbitrary,
S is normal.

(1): By [3, Exercise 8.6.24], S is a quasi-finite R-algebra. By Zariski’s Main
Theorem, [3, Corollary 7.4.16], there exists a factorization R — T — S such that
T is finitely generated as an R-module and Spec S — SpecT is an open immersion.
Let v = qNT. Then T, = Sy. It suffices to show dim R, = dimT. Let T, = TQrR,.
Then T, is finitely generated as an Rp-module. Since T, is a flat Ry-algebra and
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the prime ideal t®g R, in T}, lies over the maximal ideal pR,, by [3, Lemma 3.5.5],
T, is faithfully flat over R,. It follows from [3| Theorem 5.3.6 (3)] that a chain
Qo C Q1 € -+ C @y of length n in Spec(T},) gives rise to a chain Qo N R, € Q1 N
Ry, C -+ C Qn N Ry of length n in Spec(Ry). Thus dim(7},) < dim(R,). To finish
the proof, it suffices to show that the height of t ®g R}, is greater than or equal to
dim R,. By [3l Proposition 5.3.4] applied iteratively, a chain Py C P, C --- C pR,
of length n in Spec(R,) lifts to a chain Qo € Q1 € -+ C vt ®g R, of length n in
Spec(Ty).

(2): By hypothesis, R, is a noetherian regular local ring. Say dim(R,) = d.
Then Sy is a finitely generated Ry-algebra, hence is noetherian, by the Hilbert Basis
Theorem. By (1), dim(S;) = d. The maximal ideal of R, is generated by a regular

system of parameters {7,...,mq}. Since Sy is separable over Ry, {7m1,..., 74} is a

generating set for the maximal ideal of S ([3, Exercise 8.5.9]). This shows Sy is a

regular local ring. O
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